In this paper, we introduce the concept of two dimensional pq-convex functions. We establish several new Hermite-Hadamard inequalities for two dimensional pq-convex functions. Some special cases are also discussed. Results obtained in this paper can be viewed as significant extensions of the previously known results.
Introduction
Let R be the set of real numbers, I ⊆ R be an interval and f : I → R be a convex function in the classical sense, i.e. a function that satisfies the inequality f (tx + (1 − t)y) ≤ t f (x) + (1 − t) f (y) (1.1) whenever x, y ∈ I and t ∈ [0, 1]. Here the domain of the function is a convex set. The notion of convex functions is very simple and natural and plays an important role in different fields of pure and applied sciences. Consequently the classical concept of convex functions has been extended and generalized in different directions using novel and innovative ideas, for example interested readers are referred to [1-4, 7, 8, 11, 13, 14, 16, 17, 19, 20, 29, 30] . It is well known that optimality condition for differentiable convex (nonconvex) functions can be characterized by some classes of variational inequalities, see for example [12, 13, 21] . Dragomir [4] considered the Hermite-Hadamard inequalities for convex functions on the coordinates in rectangle. Thus, it is possible to derive several integral inequalities for two dimensional (coordinated) convex functions, see [22] [23] [24] [25] [26] [27] [28] [29] and the references therein. Many interesting inequalities in the literature are proved for convex functions. For example extensively studied result which is due to Hermite [10] and Hadamard [9] that is Hermite-Hadamard's inequality. This result can be considered as necessary and sufficient condition for a function to be convex. This inequality has also been extended and generalized for different classes of generalized convex functions, and refined under additional hypotheses, see [1, 3-8, 11, 14-20, 22-29] . Motivated and inspired by the research going on in this field, Zhang and Wan [30] introduced and studied a class of convex function, which is called p-convex functions. Using the concept of p-convex functions, we introduce and study some new classes of two dimensional convex functions. This class is called pqconvex functions. It is shown that the two dimensional pq-convex functions include two dimensional convex functions [4] as special cases. We also establish several new Hermite-Hadamard inequalities for two dimensional pq-convex functions. Some special cases are also discussed. Results proved in this paper continue to hold for these classes of convex functions. The researchers are encouraged to find novel and innovative applications of pq-convex functions in pure and applied sciences.
Preliminaries
In this section, we recall some previously known concepts.
Definition 2.1 ([30]
). An interval I is said to be a p-convex set, if
where p = 2k + 1 or p = n m , n = 2r + 1, m = 2t + 1 and k, r, t ∈ N.
Definition 2.2 ([30]
). Let I be a p-convex set. A function f : I → R is said to be p-convex function or belongs to the class PC(I), if
It is obvious that for p = 1 Definition 2.2 reduces to the definition for convex functions.
Also note that for t = 
holds, for all (x, y), (z, w) ∈ ∆ and t ∈ [0, 1]. This is definition is mainly due to Dragomir [4] .
Definition 2.3 ([4]). Let
We now introduce the class of two dimensional pq-convex functions, which is one of the main motivations of this paper.
2)
We now discuss some special cases of Definition 2.4.
I. If p = q, then we have the following new concept.
II. If p = 1 = q, then Definition 2.4 and Definition 2.5 reduces to Definition 2.3. This shows that the concept of two dimensional pq-convex functions is quite flexible and unifying one.
Main Results
In this section, we discuss our main results.
Proof. Let f be two dimensional pq-convex function, then using t = r = 1 2 and
Integrating above inequality with respect to (t 1 , r 1 )
Also for x 1 = a, x 2 = b, y 1 = c and y 2 = d and using the definition of two dimensional pq-convex function, we have
Integrating both sides of the above inequality with respect to (t, r)
This completes the proof.
Note that if p = q in Theorem 3.1, then we have the following result for two dimensional p-convex functions.
Remark 3.1. If p = 1 = q, then Theorem 3.1 reduces to a result for two dimensional convex functions, see [4] .
where Ψ(t, r; p, q; ∆)( f )
This implies
Now integrating by parts, we have
From (3.1) and (3.2), we have
Similarly from (3.1) and (3.2), we have
On summation of (3.2), (3.3), (3.4) and (3.5) and multiplying by
completes the proof.
Remark 3.2.
For p = q in Lemma 3.2, we have a new integral identity for partial differentiable functions on rectangle. If p = 1 = q, then Lemma 3.2 reduces to Lemma 1 [27] .
with a < b and c < d and
∂r∂t is two dimensional pq-convex function, then
Proof. Using Lemma 3.2 and the fact that |
This completes the proof. 
is two dimensional pq-convex function, where
Proof. Using Lemma 3.2, Holder's known inequality and the fact that | This completes the proof. 
